We calculate the O(g 2 a) mixing coefficients of bilinear quark operators in lattice QCD using a standard perturbative evaluation of on-shell Green's functions. Our results for the plaquette gluon action are in agreement with those previously obtained with the Schrödinger functional method. The coefficients are also calculated for a class of improved gluon actions having six-link terms.
I. INTRODUCTION
Symanzik's improvement program [1] applied to on-shell quantities [2] attempts to eliminate cut-off dependence order by order by an expansion in powers of the lattice spacing a.
To O(a) in lattice QCD, this requires adding the O(a) "clover" term to the Wilson quark action [3] . Quark operators also have to be modified by O(a) counter terms, which generally involve new operators of higher dimension [4] [5] [6] . In perturbation theory, the tree-level value of the clover coefficient and those of the counter terms of quark operators can be easily determined. They are sufficient to remove terms of O(g 2 a log a) in on-shell Green's functions evaluated at one-loop order, as has been explicitly demonstrated in Ref. [4] . To remove O(g 2 a) terms which still remains, the counter term coefficients for quark operators have to be corrected by O(g 2 a) terms. For bilinear quark operators, these coefficients have been calculated in Refs. [7, 8] 
using the Schrödinger functional technique.
In this article we analyze the O(g 2 a) coefficients of bilinear quark operators through a standard perturbative treatment of on-shell Green's functions of the operators. Oneloop amplitudes with external quarks on the mass shell are expanded in powers of qa and m R a, with q the external momenta and m R the renormalized quark mass, which leads to an alternative determination of the coefficients. Applying the procedure for the standard plaquette gluon action, we obtain results which are in agreement with those of Refs. [7, 8] .
Another application of our procedure is a calculation of the coefficients for gluon actions improved by an addition of six-link loop terms to the plaquette action. We treat three cases: the action [9] which is tree-level improved in Symanzik's sense to O(a 4 ), and two types of actions [10, 11] improved by a renormalization-group treatment. The results should be useful in simulations employing improved actions for gluons. This paper is organized as follows. In Sec. II we define bilinear quark operators examined in this article, and write down renormalization relations between the renormalized and bare operators. Analysis of one-loop amplitudes are carried out in Sec. III. Numerical results for the coefficients and a comparison with previous work are made in Sec. IV. We close with some concluding remarks in Sec. V.
II. CLOVER QUARK ACTION AND BILINEAR QUARK OPERATORS
Consider the clover quark action defined by
We wish to construct a renormalized bilinear quark operator of form
which is improved to O(a) to one-loop order of perturbation theory, i.e., on-shell matrix elements of the operator have no errors of O(a), O(g 2 a log a) or O(g 2 a) when a → 0 with external momenta and the renormalized quark mass m R kept fixed.
Our starting point is the tree-level improved operator of form,
where the rotated quark fields ψ c and ψ c are given by
with the covariant derivative defined as
It has been demonstrated in Ref. [4] that this operator is on-shell improved to O(a) and O(g 2 a log a) with the tree-level value of the clover coefficient c SW = 1. It has been noted furthermore that the field rotation can be generalized by using the equation of motion (D / + m 0 )ψ = 0 to
where z is a parameter. We then consider a generalized operator given by
where Γ ⊗ and Γ ′ are O(a) and O(a 2 ) vertices defined as
The one-loop relation expected between the bare operator (II.10) and the renormalized improved operator (II.2) has the form
where C F denotes the second-order Casimir eigenvalue for the quark filed, and the last two terms are needed to remove O(g 2 a) errors from on-shell matrix elements, with O Γ R a dimension 4 operator with derivative. In a previous paper [12] we have evaluated Z Γ for a class of improved gluon actions. Our task now is to generalize the analysis to (i) check that there are no O(g 2 a log a) errors with the operator (II.10), and (ii) determine the O(g 2 a) coefficients B Γ and C Γ . In the following we set the Wilson parameter r = 1.
III. ANALYSIS OF ONE-LOOP AMPLITUDES
Structure of one-loop diagrams for bilinear quark operator (II.10)
The structure of one-loop diagrams relevant for our analysis is depicted in Fig. 1 where we indicate our momentum assignment. We calculate the corresponding amplitudes in Feynman gauge imposing the on-shell condition to external momenta, which becomes for these diagrams,
We identify the renormalized mass m R , to be explicitly defined below, with the on-shell mass as there appear no divergences in these diagrams which should be renormalized into quark mass. We note that the bare quark mass m 0 enters in the field rotation (II.9) of the bare operator, where we make use of the tree-level equation of motion. The vertex function in momentum space calculated to one-loop order has the form
where Γ represents the tree level contribution, T Γ , T Γ ⊗ and T Γ ′ are one-loop contributions from the vertices Γ, Γ ⊗ and Γ ′ .
A problem in extracting O(a) terms of the one-loop contributions is that they are infrared divergent for on-shell external momenta. We treat this problem by supplying a mass λ to the gluon propagator. The one-loop amplitudes, being functions of pa, p ′ a, m R a and λa, are then finite, which we expand around pa = p ′ a = 0 and m R a = 0, keeping λa finite. For this procedure to be justified, infra-red divergences which remain in the vertex function G Γ after wave function renormalization should coincide with those in the continuum. We check this point explicitly below.
As a first step to extract O(a) terms, we expand one-loop contributions in terms of external momenta. Under the on-shell condition (III.1) the O(a) term can be written in two alternative forms, i.e.,
where
µ is a dimension-4 operator vertex with the same quantum number as Γ as listed in Table I for each Γ. The on-shell identities which relate the two forms are given by
(III.10)
We choose to work with q + µ Γ + µ and drop the + suffix. The momentum q + µ = q µ represents the momentum transfer at the operator vertex. We observe from the identities above and Table I 
As a second step, we expand the one-loop amplitudes V (Γ,Γ ⊗ ,Γ ′ ) in terms of the lattice spacing a multiplied by the renormalized quark mass m R . This leads to
are constants independent of a and g. In a similar expansion of v (Γ,Γ ⊗ ,Γ ′ ) , we only need to keep the leading term in a, and hence they can be regarded as a constant as well. The logarithmic divergence L is defined as
with λ being gluon mass to regularize the infra-red divergence which appears in on-shell vertex functions. The coefficients h 2 (Γ) and h ′ 2 (Γ) are given in Table II . In order to relate bare operators to renormalized operators we further need the renormalization factor for quark wave function Z ψ and mass Z m , which are defined as
The explicit form of these factors are obtained from the inverse full quark propagator expanded to O(g 2 a),
where the one-loop correction to self energy can be written as
with Σ 0,1,2 and σ 1,2,3 being constants. In terms of these constants, the renormalization factors are given by
Here we have defined
and have made use of the relation g
The wave function renormalization factor can be rewritten in terms of the renormalized mass,
Replacing the quark mass m 0 with the renormalized mass m R , we obtain for the the vertex, 
Let us add a remark on infra-red divergence. For v (Γ,Γ ⊗ ,Γ ′ ) that enter in the coefficient C Γ , these divergences cancel out in the total contribution at each order of z. On the other hand, infra-red divergences remain in
are, however, canceled by that of the quark wave function renormalization factor. The remaining divergence, which is of form g 2 L and appears in Z Γ , coincides with that which is present in on-shell vertex functions for the renormalized operator in the continuum.
In the calculation above we employed the bare operator (II.10) which contains the bare quark mass m 0 . It is possible to replace m 0 by the subtracted mass m of (III.21). Defining
it is straightforward to check that O(a) and O(g 2 a log a) terms also cancel for this operator; Σ 0 plays no role in improving the operator. The renormalization coefficients for this operator, which is more convenient for practical use, are obtained from (III.26-III.28) by eliminating Σ 0 .
IV. RESULTS FOR THE ONE-LOOP COEFFICIENTS
Manipulations in the previous section have reduced the determination of one-loop coefficients to an evaluation of a number of integral constants. Working out the integrands for the integrals is a straightforward but tedious task, which we carry out by Mathematica. The output is converted to a FORTRAN code, and the integrals are evaluated by the Monte Carlo routine VEGAS in double precision. We employ 20 sets of 10 5 points for integration except for C A for z = 0 for which we use 20 sets of 10 6 points. Errors are estimated from variation of integrated values over the sets.
For the gluon action we consider the form given by for the renormalized bilinear operator in the continuum in the MS scheme, and define
where O Γ 0 denotes the lattice bare operator and
Results for the finite constant z Γ for the lattice operator (II.10) rotated with the bare mass m 0 have already been given in a previous paper [12] . We list in Table III the values of z Γ for the operator (III.29) defined with the subtracted mass m at z = 0 for completeness.
Our new results for the one-loop coefficients C Γ are given in Table IV , and those for B Γ in Tables V and VI for the definition excluding Σ 0 . Numerical values are given for the coefficients of expansion in z defined as
Γ , (IV.5) T are evaluated as necessity for the operator in this channel does not seem to warrant a CPU time-consuming calculation of integrands which are more complex than the other cases. In Tables V and VI a general trend is apparent that the coefficients are reduced by roughly a factor two for renormalization-group improved gluon actions as compared to those for the plaquette action, as already observed for z Γ [12] .
Comparison of our results with those of Refs. [7, 8] obtained with the Schrödinger functional is made in the following way. The authors of these references start from a local bilinear operator
and relate it to the renormalized operator through
The renormalization factor Z Γ is expanded in the lattice spacing a as follows,
. The renormalization factor for the quark field ψ and the quark mass m are expanded in a similar manner.
With these definitions, the vertex function of the bare operator has the form
The expressions for the wave function, quark mass and quark bilinear operator renormalization factors are given by
Making an expansion
we find that the O(g 2 a) coefficients are given as
Comparing these expressions with (III.27) and (III.28), we see that c
Γ equals our C (0) Γ for z = 0 tabulated in Table IV, ψ . In Table VIII we collect our results for the mixing coefficients for z = 0 for the plaquette gluon action, and compare them with those of Refs. [7, 8] . As we already remarked, we employ 20 sets of 10 6 points for evaluating c
A by VEGAS in this table, with which we find a complete agreement with the result of Refs. [7, 8] . Good agreement is also found for all the other coefficients obtained with 20 sets of 10 5 points. We do not pursue more precise evaluation for the latter coefficients since it would require significantly more computing power due to an increased complexity of integrands and the number of terms.
It was observed in Ref. [8] that the values of b
Γ are close to each other. Numerically this arises from the fact that the contribution from the wave function renormalization b 0 , common to various Dirac channels Γ, dominates over the vertex contributions.
V. CONCLUDING REMARKS
In this article we have carried out a perturbative evaluation of vertex functions to determine the O(g 2 a) mixing coefficients of bilinear quark operators. For the standard plaquette action for gluons, our results agree with those obtained previously with the Schrödinger functional method. We have also generalized the determination to a class of improved gluon actions for use in numerical simulations employing such actions.
Our calculations are carried out by an expansion of vertex functions regarding external momenta and renormalized quark mass m R as small in units of lattice spacing a. Hence the present work does not cover the case of heavy quark such that m R a > O(1). It has been pointed out recently in a one-loop calculation in NRQCD [16] that the mixing coefficient c
A for heavy-light axial vector current is large compared to the value for the light-light case treated here. In our calculation a significant cancellation is observed between terms from various diagrams contributing to c (1) A . To understand whether the large value of c (1) A for heavy quarks results from lifting of such a cancellation requires an extension of our calculation without making an expansion in m R a [13] [14] [15] . 
TABLES
Γ are given in the column labeled (n). Errors are at most in the last digit given. TABLE IV . Mixing coefficients C A , C V , C T for axial vector, vector and tensor currents. Coefficients of the term z n (n = 0, 1, 2) are given in the column marked as (n). C T are not calculated. [7, 8] for the plaquette gluon action. 
